Abstract. We show that a finite-dimensional tame division algebra D over a Henselian field F has a maximal subfield Galois over F if and only if its residue division algebra D has a maximal subfield Galois over the residue field F .
Introduction
A division algebra D finite-dimensional over its center F is called a crossed product if it contains a maximal subfield which is Galois over F ; otherwise it is a noncrossed product. The question of existence of noncrossed products arose in the 1930's, and was answered affirmatively by Amitsur in 1972 [2] . Subsequently, their existence over more familiar fields F has been studied by many authors, see for example [13, 18, 3, 7, 4] .
Recall that for a Henselian valued field F , the valuation of F extends uniquely to a valuation of D for every finite-dimensional division algebra D over F , see for example [12, §1] . In case D is inertially split, i.e. split by an unramified extension of F , it was known long ago that D is a crossed product only if the residue division algebra D is a crossed product [12, Thm. 5.15(b) ]. This criterion traces back to Saltman [16] who used it to construct new noncrossed products of higher index from ones already known. By a more complete criterion [9] , any inertially split D is a crossed product if and only if D contains a maximal subfield Galois over the residue field F . Note that this is a stronger condition than saying D is a crossed product since F may be a proper subfield of the center of D. This criterion goes back to Brussel [3] , who used such an argument over complete rank 1 valued fields to obtain noncrossed products over fields as elementary as Q((t)). Subsequently, the criterion has led to a description of the "location" of crossed and noncrossed products among all inertially split division algebras over F , when F is Henselian with global residue field, [8, 6] .
In this paper we consider the larger class of division algebras D which are tamely ramified (or tame for short) over their center a Henselian field F , i.e. split by a tamely ramified extension of F . In particular, these include all division algebras whose degree is prime to the residue characteristic. Our main result, Theorem 1.1, generalizes the criterion mentioned above to tame division algebras: Theorem 1.1. Let F be a Henselian field, and D a finite-dimensional tamely ramified division algebra with center F . Then D has a maximal subfield Galois over F if and only if D has a maximal subfield Galois over F . Theorem 1.1 is useful in determining which tame division algebras are crossed products over all Henselian fields F whose residue field is sufficiently well understood. When F has cohomological dimension 1 or is a local field, we deduce that all finite-dimensional tame division algebras with center F are crossed products. When F is a global field we describe the location of noncrossed products among tame division algebras, extending [8] and [6] , and locating noncrossed products in new parts of the Brauer group, see §4.2.
The main difficulty in proving Theorem 1.1 lies in the "only if" implication. Given a maximal subfield M of D, Galois over F , neither the residue field M itself nor the compositum of M with the center of D need to be a maximal subfield of D. Hence in the tame case the construction is significantly different from the inertially split case, where it was enough to consider M · Z(D), cf. [9] .
Our construction of the desired maximal subfield of D uses the theory of graded division algebras which provides a one-to-one correspondence between tame division algebras over a Henselian field F and graded division algebras over its associated graded field gr(F ) [11] . It associates to D a graded division algebra gr(D) over gr(F ), and to a maximal subfield M of D Galois over F a maximal graded subfield gr(M) Galois over gr(F ). Most importantly, it equips gr(D) with canonical subalgebras which can be entwined with gr(M) to form a maximal graded subfield M ′ of gr(D) with residue field which is maximal in D and Galois over F . This M ′ lifts to a maximal subfield M ′ of D Galois over F . The proof of our theorem gives a good illustration of the utility of the graded approach in working with valued division algebras. Many properties of D are faithfully reflected in gr(D), but gr(D) has a simpler structure which is often considerably easier to work with, as demonstrated by our use of its canonical subalgebras.
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Graded and valued algebras
We first recall the basic definition and facts concerning graded algebras, based on [11] with the exception of Section 2.3 which is based on [10] and [14] . A more extensive treatment of these facts will appear in [19] .
Throughout the section we let Γ be a torsion-free abelian group.
Graded rings and division algebras.
A graded ring D with grade group Γ (or a Γ-graded ring) is a ring with a direct sum decomposition D = ⊕ γ∈Γ D γ , where each D γ is an additive abelian group and
A graded homomorphism ϕ : D → E of Γ-graded rings is a homomorphism which preserves the grading, i.e. ϕ(
. Such a decomposition defines a Γ-grading on E with E γ = D γ ∩ E. Note that with E the centralizer C D (E) is also a graded subring of D, hence in particular the center Z(D) is a graded subring of D.
Let D be a graded ring with 1 = 0. Then D is said to be a graded division ring if every nonzero element of D γ , γ ∈ Γ D , is a unit. In this case D 0 is a division ring, and multiplication by any nonzero element from D γ induces an isomorphism
Commutative graded division rings are called graded fields. If D is a graded division ring whose center contains a graded field F as a graded subring, then D is called a graded division algebra over F. In this case D 0 is a division algebra over Given two Γ-graded algebras D and E over F, the tensor product D ⊗ F E is also a Γ-graded algebra with (D ⊗ F E) γ generated by all d α ⊗ e β where d α ∈ D α , e β ∈ E β , and α + β = γ. The double centralizer theorem is available in the graded setting 
Let A ⊆ D be a graded subring that is also a graded division ring and contains E. Then D/E is unramified (resp. totally ramified) if and only if D/A and A/E are each unramified (resp. totally ramified).
Let F be a graded subfield of Z(D), so that D is a graded F-division algebra. For every F 0 -subalgebra A of D 0 there is a unique graded division F-subalgebra A ⊆ D with A 0 = A and Γ A = Γ F . This A is generated over F by A and is canonically isomorphic to A ⊗ F 0 F.
Note that the intersection A ∩ B of two graded subrings of D is a graded subring with (A ∩ B) γ = A γ ∩ B γ . In the totally ramified case we have: 
2.3. Graded field extensions. Let L/F be a finite extension of Γ-graded fields. See [10, §2] for proofs of the properties recalled in this paragraph. As Γ is torsionfree, F is an integral domain and we can form its field of quotients q(
. Moreover, the ring F is integrally closed, and L is the integral closure of F in q(L). In addition, for any homogeneous c in L, the minimal polynomial m q(F),c of c over q(F) has homogeneous coefficients in F. In any graded field extension of F, every root of m q(F),c is homogeneous of the same degree as c, and there are graded field extensions of F over which m q(F),c splits. It follows that every F-algebra automorphism of L as ungraded rings actually preserves the grading on L. Therefore, the group of graded ring automorphisms Aut(L/F) is canonically isomorphic to Aut(q(L)/q(F)).
We say that L is tame (or tamely ramified) over F if the field extension L 0 /F 0 is separable and char F 0 ∤ |Γ L : Γ F |. We say that L is normal over F if for every homogeneous c ∈ L, its minimal polynomial m q(F),c splits over L. More restrictively, L/F is Galois if it is Galois as an extension of ungraded commutative rings, or, equivalently, if F is the fixed-ring of Aut(L/F). These properties of L/F and are equivalent to corresponding properties of their quotient fields, as follows: Consider commuting graded subfields K, L, of a graded division algebra D which each contain F := Z(D). The compositum K · L is the F-algebra generated by K and L in D. Picking F 0 -bases {k i } i∈I and {ℓ j } j∈J for K and L, respectively, which consist of homogenous elements, one has
and hence K · L is a graded subfield of D (since it is finite-dimensional over F). We say that K and L are linearly disjoint
Therefore, K and L are linearly disjoint over E.
We shall also need the following lemma concerning totally ramified extensions:
Proof. Since M/K is totally ramified, by Lemma 2.1 we have
Finally, we note that for any finite graded field extension L/F, if c ∈ L 0 , then since the roots of its minimal polynomial m q(F),c all have degree 0, the polynomial has coefficients in F 0 ; so, m q(F),c = m F 0 ,c . Hence, (2.4) if L/F is normal (resp. Galois) then L 0 /F 0 is normal (resp. Galois).
Canonical subalgebras of graded division algebras.
The following canonical algebras and their properties were introduced in [11] . Let D be a graded division algebra over its center F. Then D has the following canonical subalgebras: 
The center Z(D 0 ) = Z 0 clearly contains F 0 but is not necessarily equal to it. In fact, Z 0 /F 0 is Galois with abelian Galois group which is described as follows:
We shall need the following properties of maximal graded subfields of C:
Proof. By the graded double centralizer theorem [11, Proposition 1.5] and dimension count,
To show (i), we first claim that T/Z is Galois. Since C is totally ramified over Z, its graded subfield T is also totally ramified over Z. Hence, by Lemma 2.1
By [11, Proposition 2.3], we have char F 0 ∤ |Γ C : Γ Z |, and hence char F 0 ∤ |Γ T : Γ Z |. This shows that T is tame over Z. As T is also totally ramified over Z, and char F 0 ∤ |Γ T : Γ Z |, [10, Proposition 3.3] implies that q(T)/q(Z) is a Kummer extension, hence Galois. Thus, T/Z is Galois (see (2.2)), proving the claim. As Z is Galois and unramified over F, (2.6) shows that the graded automorphism int(d) preserves T. Since Z/F and T/Z are Galois and since every automorphism in Gal(Z/F) extends to a graded automorphism of T, it follows that T is Galois over F, as required.
2.5. Tame division algebras. All division algebras considered in this paper are assumed to be finite-dimensional. Let F be a Henselian field and D a division algebra with center F , D the residue division algebra of D with respect to the unique extension of the valuation on F to D, and let Γ D be the value group (a totally ordered abelian group).
Recall that D is tame (or tamely ramified over F ) if and only if We shall need the following lemma from [12] which describes properties that are preserved under tensor products with inertial algebras. 
, and the following ratio is preserved:
Proof. All assertions are proved in [12, Corollary 6.8] , except for the last, which is derived as follows. Recall that there is a well-defined homomorphism 
The correspondence.
A tame division algebra D with value group Γ yields a Γ-graded division ring gr(D) with components gr(D) γ = D ≥γ /D >γ , γ ∈ Γ, where 
], if L/F is normal then so is gr(L)/ gr(F ).
On the level of fields, by [10, Theorem 5.2], there is a correspondence between tame graded field extensions of gr(F ) and tame field extensions of F , which preserves degrees and Galois groups. In particular, to every tame graded field extension L of gr(F ) there corresponds a unique tamely ramified field extension L of F , called the tame lift of L over F , such that gr(L) ∼ = L as graded fields and
Moreover, L is Galois over F if and only if L is Galois over over gr(F ).
Maximal subfields of tame graded division algebras
Throughout this section we fix a graded division algebra D with center F, and let Z, C, U, and E be its canonical subalgebras (introduced in §2.4). We first prove the graded version of Theorem 1.1: Theorem 3.1. A finite-dimensional graded division algebra D has a graded maximal subfield Galois (resp. normal) over F if and only if D 0 has a maximal subfield Galois (resp. normal) over F 0 .
The following Proposition gives the "if" implication of Theorem 3.1.
Proof. Since M is maximal it contains Z(D 0 ). By definition of Z, U, C, cf. §2.4, we have Z ⊆ L ⊆ U, and L and T commute. Hence, M is a graded subfield of D. Since L/Z is inertial we have:
As L/Z is unramified, and T/Z is totally ramified one has L ∩ T = Z. By Lemma 2.4, T/Z is Galois. Hence, Lemma 2.2 implies
This shows that M is a maximal graded subfield of E, cf. end of §2.1, hence also a maximal graded subfield of D by (2.5).
Furthermore, if M = L 0 is Galois (resp. normal) over F 0 , then L is Galois (resp. normal) over F. As T is Galois over F by Lemma 2.4, we get that M is Galois (resp. normal) over F.
For a maximal graded subfield M of D, the field M 0 need not be a maximal subfield of D 0 . We will therefore modify M to enlarge the degree-0 part. We start with the following observation: 
The following Proposition gives the "only if" implication of Theorem 3.1, and completes its proof. Proof.
with the last equality given by the graded double centralizer theorem.
Proof of Proposition 3.4. By Lemma 2.4, T is Galois over F. Thus, by Lemma 2.2, T is linearly disjoint from M∩C D (T) over their intersection (M∩C
is a maximal subfield of D 0 by Lemma 3.3. Assume that M is Galois (resp. normal) over F. The application of Lemma 3.5 above also showed that M is totally ramified over M ∩ C D (T). Hence, by Lemma 2.3, M ∩ C D (T) is Galois (resp. normal) over F. Since, by Lemma 2.4, T is Galois over F , we get that M ′ is Galois (resp. normal) over F. Hence, M ′ 0 is Galois (resp. normal) over F 0 , by (2.4).
Remark 3.6.
(i) For a graded subfield M of D which is not necessarily maximal, the proof gives [
(ii) The proof shows that Propositions 3.2 and 3.4, and hence also Theorem 3.1 hold more generally when F is a proper subfield of Z(D) under the assumption that T/F is Galois. 
Let M be a maximal subfield of D that is normal over F . Then gr(M)/ gr(F ) is normal (cf. §2.6). As D is defectless over F , i.e., equality (2.10) holds, M must also be defectless over F . Thus, 4. Tamely ramified noncrossed products 4.1. Simple residue fields. It is a fundamental question to determine which division algebras over a given field F are crossed products. As a corollary to Theorem 1.1 we obtain an answer when F is Henselian and division algebras over the residue field K := F are sufficiently well understood. Let cd G K denote the cohomological dimension of the absolute Galois group G K of K. Note that (1) if K is real closed the assertion can be proved directly without using Corollary 4.1; (2) examples of fields K for which cd G K ≤ 1 include finite fields, and by Tsen's theorem [15, §19.4] , function fields of curves over algebraically closed fields.
4.2.
Global residue fields. Let Γ be the value group of the Henselian valuation on F . We consider next the simplest residue field K := F for which noncrossed products exist over F , namely when K is a global field [3] .
The tame Brauer group TBr(F ) is described by a generalized Witt theorem [1, Proposition 3.5] 3 as a direct sum:
where ∆ is the divisible hull of Γ, and T is a subgroup consisting of classes of some totally ramified division algebras. Moreover, the subgroup of TBr(F ) corresponding to Br(K) ⊕ Hom(G K , ∆/Γ) (resp. Br(K)) is the subgroup of classes of inertially split division algebras (resp. inertial division algebras), as described by a generalization of Witt's theorem, see [17, Satz 2.3] or [12, (5.4) , Th. 5.6]. For fixed χ ∈ Hom(G K , ∆/Γ) and η ∈ T , we call the preimage of χ + η under (4.1) the fiber over χ+ η. Note that the isomorphism (4.1) is not entirely canonical and a different choice will give us a different fiber. However, none of our results depends on this choice. To describe the location of noncrossed products in TBr(F ), we ask for which χ and η the fiber over χ + η contains noncrossed products? This problem was answered in [8] and [6] for the inertially split subgroup, i.e. when η = 0. In the following we combine Theorem 1.1 with the methods of [8] and [6] to answer this problem for the entire group TBr(F ).
To this end, we fix χ and η and let C ⊆ TBr(F ) be the fiber over χ + η. For any c ∈ TBr(F ) we write c (resp. Z(c)) for the class (resp. the center) of the residue algebra of the division algebra in c. By Lemma 2.5, Z := Z C := Z(c) and ind c/ ind c are independent of the choice of c ∈ C.
Note that Z/K is abelian, as division algebras in C are tame. If Z/K is cyclic, we say that it is of infinite height if for every integer m, Z/K embeds into a cyclic extension L/K with [L : Z] = m. We will prove Moreover, we will show that if C contains one noncrossed product it contains infinitely many of them.
Theorem 4.2 is already known if C consists of inertially split division algebras by [8, 6] . Furthermore, for such C, [8, 6] prove the existence of index bounds which essentially separate crossed and noncrossed products within the fiber. We do not know if such bounds exist in fibers which are not inertially split. Nevertheless, we prove that unless Z ′ /K is cyclic of infinite height there is a number m (depending only on Z ′ ) such that C contains noncrossed products of every index divisible by m, see Remark 4.7.
4.3.
Residue classes, Galois covers, and their local degrees. For m ∈ N, let C m be the set of c ∈ C with m | ind c, and C m (resp. C) the set of residue classes of C m (resp. C). Note that by Lemma 2.5, α + c = α Z + c ∈ Br(Z) for all α ∈ Br(K), c ∈ Br(F ), where α + c is defined via (4.1). Hence, for any β ∈ C m , (4.2)
By Theorem 1.1 the following conditions are equivalent: (A m ) C m consists entirely of crossed products (A m ) Every class in C m has a splitting field L,
Recall that for a prime P of Z, the index ind P β of β Z P equals its exponent exp P β. By the Albert-Brauer-Hasse-Noether theorem [15, §18.4], 
2 | p divides m}. Let S be disjoint from T and β ∈ C m . Define S ′ to be the subset of primes p ∈ S for which ind P β < d p (m) for all P | p. Since S is disjoint from T , we can apply [6, Lemma 2.5] to obtain a class α ∈ Br(K) such that ind α Z = m, and ind P α Z = d p (m) for all p ∈ S ′ and all P | p. Furthermore, the proof of [6, Lemma 2.5] gives ind P α Z = 1 for all P | p with p ∈ S \ S ′ . Let γ := α Z + β. Since exp P β < exp P α Z = d p (m) for all P | p, p ∈ S ′ , we have ind P γ = exp P γ = d p (m) for all P | p, p ∈ S ′ . For every p ∈ S \ S ′ there is a prime P | p, such that ind P β = d p (m), and hence, as ind P α Z = 1, one has ind P γ = d p (m). By enlarging S, we may assume that S ′ contains a finite prime p and hence that ind γ = ind P γ = m, where P | p.
By applying (A m ) to γ, we obtain an m-cover of Z/K which splits γ. Thus, by (4.3), L has full local degree in S, as required. Remark 4.7. Assuming C does not consist of crossed products, the proof reveals that there is p np ∈ N, p prime, such that (A m ) fails for every m ∈ N with C m = ∅ and p np | m. By Remark 4.4, for such m, C m contains infinitely many noncrossed products. If the p-Sylow subgroup of Gal(Z/K) is noncyclic and p = ℓ, we can choose n p = 2s p + 1 if p is odd and n 2 = 2(r 2 + 2) + 1 if p = 2. If Z ′ /K is cyclic with no cyclic p kp -cover, we can choose n p = k p + s p + 2.
